We consider the author's mathematical model of population dynamics of territories, taking into account the migration between the territories. The model is a system of ordinary dierential equations with constant coecients. The main idea of the presented modelling is to take into account the migration interactions of territories in the form of nonlinear terms (they are the pair products of phase variables of the territories population). On the one hand, the approach allows to consider the model as a variant of expanding the gravitational approach in migration studies. On the other hand, this approach allows to apply the approaches of mathematical biology, which are successfully used in econophysics and sociodynamics. In order to verify the model, we use statistical data on population and migration between federal districts of the Russian Federation. The results of the modelling show the signicance of the "repulsion" of migrants arriving in the Central and NorthWestern federal districts, mainly in the nearby regions (Southern, North Caucasian and Volga federal districts). Model evaluations of the migration balance are obtained. The evaluations exceed statistical ones by dozens of times and, to all appearances, describe the "latent" migration of the population, covering both long-term and short-term movements. An analysis of the change in the stationary values of the population for a linear change in the parameters is carried out. It is shown that there are such values of the parameters of migration attractiveness of the Russian Federation federal districts, under which the population increases both in the whole in the Russian Federation and in individual districts. It is established that such changes can occur due to signicant dierences in the opportunities, which are "provided" by dierent federal districts for migrants (e.g., living and working conditions, upbringing and education of children, etc.), and intra-Russian migration.
Introduction
Migration of the population is an important indicator of territories development, and "voting with their feet" expresses their cultural and socio-economic attraction or repulsion [14] . One of the main and already classical approaches to the quantitative evaluation of migration is the gravitational approach. It is based on the physics idea about the attraction of cosmic bodies: the larger the body, the greater the force of attraction. Any object having mass also has gravity, and interacting objects are attracted to each other with a certain force. Taking into account that many theories of the society development are based on the concepts of natural science [5, 6] , the migration researchers also nd the idea of gravitation suciently suitable for describing the mechanical movement of the population. In the gravitational approach, the population is a prototype of the cosmic body mass. Exactly the population determines the development of the territory, and the larger the population, the more there are social structures, physical and virtual communications. The settlements are divided into categories (towns, urban-type settlements, cities, etc.) precisely by the size of the population. The distance is a factor that reduces eect of the migration gravitational forces. Indicators of settlements interaction, according to which the intensity of the corresponding migration ows is calculated, are determined on the basis of the gravitational approach [7] .
The basic gravity model of migration has the following form:
where M ij is a force of migratory attraction between settlements (regions) i and j, k is a compliance coecient, p is a population of settlements (regions) i and j, d
2 ij is a distance between settlements (regions) [7] . Note that such models are also used to describe the interaction of regions and countries in the aspect of trade and investment [8, 9] .
One of the disadvantages of this approach is the static nature of indicators. Migration depends on the number of settlements, and this number annually changes as a result of changes in the birth rate, mortality and features of the population's mechanical movement. In order to get a forecast it is necessary to develop a dynamic model that describes both the population change as a whole and gravitational interactions. The econophysical concept of information interactions, described by D.S. Chernavsky [10] , is very suitable. Mathematically, it is expressed in the form of a system of equations:
where u i is a number of carriers of information; u j is a number of carriers of information j; τ i , b ij , a i are model parameters; D i ∆u i is a spatial distribution of information carriers. In other words, the rst term on the right side describes a reproduction of the information i, the second an interaction of the dierent information carriers, the third some external restrictions, the fourth a migration of information carriers in space. This model is used in the natural sciences (the authors of the model, A.J. Lotka and V. Volterra, proposed the model independently in the 1920s) to describe the dynamics of the size of interacting populations (for example, the "predator-prey" type), as well as the interaction of chemicals [11] . Using this type of equations system, the oscillations and complex regimes of population dynamics are described in the mathematical biology [1214] . The following important principle of modelling the interaction of living systems is used in these models: pair interactions in the equations are described by products u i u j , where u i is the size of i-th population, u j is the size of j-th population. It was assumed that changes in the size of populations are caused by direct "collisions" of individuals (the coecient at u i u j indicated which proportion of the individuals meetings entails a change in the size of populations), in addition to the processes of mortality and reproduction. For example, in some cases the result of the interaction of a predator and a prey is such that the predator eats the prey, and, as a consequence, the predator biomass increases (as well as conditions for the predator reproduction) and the prey number decreases. Therefore, it is clear from the equations that paired interactions in biology are a "prototype" of gravitational interactions in describing migration. The studies of sociodynamics by W. Widlich were based on this idea. He developed conceptual probabilistic models of migration between three regions in which complex, including chaotic, dynamics were discovered [15] . However, these models were not applied to specic objects.
In this study, in order to construct a dynamic gravitational model, as has already noted, an econophysical approach, generalized by D.S. Chernavsky and including both the most possible simplicity and suciently rich modelling capabilities, is used. In addition, the developed model is veried on specic socio-economic objects which population dynamics is described by the corresponding statistical data.
The Concept of a Dynamic Gravitational Model of Population Migration
The general form of the dynamics model of the population size for N coupled territories is the following:
where the rst term is a function of local reproduction, which determines the population growth in the i-th territory in the case when there is no external migration, the second and third terms are contributions to the growth due to multidirectional migration ows ( Fig. 1) . In general case, parts of migrants m ij are functions that can depend on many factors. The general scheme of migration movements between three territories, where x i is a size of the population of i-th territory, arrows shows directions of the migration, m ij is a part of migrants moving from the j-th territory to the i-th territory Now we consider the case when the migration part is directly proportional to the population of the territory to which the migration is directed, and inversely proportional to the distance between the territories. In this case:
, where r ij = r ji is a distance between the i-th and j-th territories, α ij is a coecient expressing the attractiveness of the j-th territory for the population of the i-th territory. Then system (1) has the form:
We factor out x i x j in (2):
Note that the distance between the i-th and j-th territory is equal to the distance between the j-th and i-th territory, i.e. r ij = r ji . Therefore, we set:
As a result, the system (2) takes the form:
In the case when N = 3, corresponding to the migration of the population between three territories, which is schematically shown in Fig. 1 , the model (3) takes the form:
In this case, the terms s 12 x 1 x 2 , s 13 x 1 x 3 and s 23 x 2 x 3 are easily interpreted as the migration balance (i.e., the dierence between the arrived and the outgoing persons) between the rst and the second, the rst and the third, the second and the third territories, respectively.
Suppose that population growth is limited, i.e. a size of the population tends to a stationary level, which somehow modies the migration of the population. Then, in order to describe the local dynamics, we can use the well-proven model of limited growth, that is a modied Malthusian growth model with constant migration:ẋ = f (x) = b − kx. For positive parameters, the model has two types of solution. They are a monotonous growth and a decline to a stationary population size, which is equal to b/k [11] . Then (4) has the form:
The sense of the term s ij x i y j is to indicate the possibility of calculating the migration balance between the i-th and j-th territories, as the sums of all facts of transfer between these territories for a certain time period (including short-term transfers, and not just relocations), for example, for one year. To this end, we set the initial conditions at t 0 = 0, i.e., we choose the values x 1 (0), x 2 (0), x 3 (0), as well as the values of all parameters. Then we can numerically solve the system (5) for some small integration step 1/h ∈ (0, 1) (h ∈ N). As a result, we get a time series x i (t), where t = t 0 + n/h and n = 0, 1, 2, . . . , N . In this case, the total balance for one year, i.å. for the time between τ and τ + 1, is equal to the integral of the form: where the values x i (τ + n/h) are set to be equal to already numerically found solutions of the system (5). In this case, the integral is estimated by the rectangle formula. It is justied, since the behavior of the solutions (5) for the time between τ and τ + 1, as a rule, is changed quite slowly.
Parametric Identication of the Model
The developed model is applied to the description of migration dynamics between federal districts of Russia for 19962014. Statistics are taken from open sources of the Federal State Statistics Service [16] . The Crimean federal district is not examined, because currently the relevant statistics for this district are limited to 2014. In order to test the model in a basic three-dimensional version containing the whole variety of dynamic regimes, the federal districts are grouped into three groups. The criterions of the grouping are territorial proximity, similar demographic trends and the level of socio-economic development. The rst group includes the Central and North-Western federal districts (we denote this group by 1), the second group includes the Southern, North Caucasian and Volga federal districts (we denote this group by 2), the third group includes the Ural, Siberian and Far Eastern federal districts (we denote this group by 3). Undoubtedly, there is no complete homogeneity in terms of demographic trends and socio-economic development in these groups, as well as there is no such homogeneity in the regions of the federal districts. Nevertheless, the demographic trends associated with spatial heterogeneity (including socio-economic) are quite clear in the considered territories. Fig. 2 (a) shows that after a long-term decrease of Russia's population since 2008, the demographic situation began to improve. And it is noticeable that the farther from the central part of Russia the territory is located, the more slowly the population increases ( Fig. 2 (b) , (c), (d )). In recent ve years, the intensity of migration ows between the (Fig. 3) . At the same time, it is impossible uniquely single out the reasons for such growth. The rst reason can be the natural population growth in the departure territories or the increased attractiveness of the arrival territories (as well as the reduced attractiveness of the departure territory). The second reason can be the changes in the registration procedure for migrants. Figure 3a shows the ocial number of people who changed their place of residence from the j-th group of federal districts to the i-th one (by analogy with the coecient m ij in the system (1)), which is denoted by µ ij . Then the dynamics of the migration balance between the i-th and j-th territories is calculated as the dierence µ ij − µ ji , the sign of which indicates the direction of migration ows (Fig. 3 (b) ). According to the ocial statistics, the migration balance is negative for all territories. For example, the number of migrants in territory 1 from territory 2 is more than the number of migrants which arrive in 2 from 1. According to these data the most intensive migratory ows are directed from the eastern territories of Russia to the western ones. However, migration statistics is based on arrival and departure records, which are compiled when registering or withdrawing from the population's registration records at the place of residence [17] . Therefore, the ocial migration data reects only the facts of movement registration and, in this sense, does not describe all types of migratory interactions, including short-term business trips, business and tourist trips, as well as facts of residence without registration. At the same time, all such population movements determine the degree of attractiveness and unattractiveness of the territories, trac ows, social ties, and demographic dynamics. The proposed dynamic model allows to estimate the "real" gravitational movement of people and the eect of migration on population change S ij by the formula (6), which has a dierent meaning than the dierence µ ij − µ ji . In order to use such estimates, it is necessary to carry out a parametric identication of the model, i.e. to estimate the parameters of the model by the available statistical data. The coecients of the model were estimated in the MathCad by the Levenberg Marquardt method by minimizing the sum of squares of dierences between the actual data and the corresponding coordinates of the points of integral curves, i.e. the solutions of the optimization problem having the form: Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2017. Ò. 10, 3. Ñ. 8093
T is a vector of the required coecients of the system (5), x 1 (t j , u), x 2 (t j , u) è x 3 (t j , u) is a solution of the system (5) at time t j , which is obtained by the Adams Bashfort method, x * 1 (t j ), x * 2 (t j ) and x * 3 (t j ) are the actual populations of the considered groups of regions. The weight coecients σ i (σ 1 +σ 2 +σ 3 = 1) show the relative importance of the particular criteria of the optimization problem J(u) → min. In addition, when choosing the best approximation, the quality of approximation to the total indicator, i.e. the total population in the region (x 1 + x 2 + x 3 ), is taken into account. As a result, it is possible to achieve a good match between model and real dynamics. Also, the corresponding statistical tests (the Fisher criterion on the normal nature of the residue distribution, the Darbon Watson test on the absence of autocorrelation of the residues) were calculated and show the statistical signicance of the estimates.
As a result, the following estimates of the parameters of the model (5) were obtained:
The meaning of the estimates of the model parameters is as follows. Statistical data on the population, in our opinion, are generally reliable. Nevertheless, if the increase in this number is decomposed into additive components of natural (fertility and mortality) and mechanical population growth (migration), then the migration estimates are the least accurate indicators. Population data are used within the model approach described, and all other parameters are estimated based on the concept of the model and numerical methods. At the same time, the coecients are averaged over the period 19962014. The obtained estimates of the model parameters in some cases diverge from the statistical data, for example, the calculated orientation of the migratory ows turned out to be unexpected. As noted, according to statistical data (the migration balance was calculated), Russians move from east to west. However, according to the model's estimates, it turns out that the second group of federal districts, including the Southern, North Caucasian and Volga federal districts, is favorable for migrants, and the third group of districts, i.e., the Ural, Siberian and Far Eastern federal districts, is a kind of intermediate point in their migration to the second group of districts (Fig. 4) . It is probably due to many facts of the migrants return from the Central and NorthWestern federal districts. A similar eect can be observed at the level of international migration (re-emigration). According to modelling results, on average during the period under review, the central federal districts became regions of repulsion. The districts accumulate the best qualied personnel and push out migrants who could not adapt to the new conditions of life. It turns out that the second group of federal districts under review is the migratory recipient. At the same time, the central regions "return" approximately the same parts of migrants to the regions of the second and third groups (s 12 = −0, 026, s 13 = −0, 03).
We can explain the dierence between qualitative model results and statistical data as follows. According to the statistics, the number of migrants is bigger in the regions where their accounting is better organized. A high level of migrants registration is quite obvious, because the central regions are key in Russia for socio-economic development, the focus of culture and tourism, and signicant transport international and national nodes.
According to our estimates, between 1996 and 2014, the average migration balance between 1 and 2 regions is 7,8 million people, between 2 and 3 regions is 5,8 million people, between 1 and 3 regions is 3,4 million people. The large discrepancy between the calculated and statistical data can indicate, rstly, a signicant undercount of migrants, and secondly, the signicant role of other factors aecting population growth in the regions (for example, marriages between people who have a permanent place of residence in dierent regions).
According to the aggregated model estimates of international migration (balance estimate), population movement in the rst group is directed from Russia (b 1 < 0), and in other groups the movement is directed to Russia (b 2 > 0, b 3 > 0). We explain this by proximity of the central region to Europe and the nancial capabilities of its population to travel abroad. Conversely, for other regions, there are no such opportunities for the population because of growing migration from the CIS countries. Herewith, the most favourable conditions for the natural reproduction of the population are provided by the central regions (k 1 = −0, 381, k 2 = 0, 476, k 3 = 0, 175).
Forecast of the Russian Federation Population on the Basis of the Dynamic Gravitational Model
Based on the model estimates, the forecast of the population in the regions and the Russian Federation as a whole is obtained. Fig. 5 shows that we should expect an increase in population until 2035, and then we expect a small drop that is a part of the damped oscillations (steady focus). Undoubtedly, such long-term forecast seems to be improbable, since the estimates are obtained by rather short time series, and the model does not take into account the non-permanent nature of the demographic parameters. However, in the medium term, the forecast can be taken into consideration.
In order to continue the studies based on the point estimates of parameters, we can perform a "local" analysis of their stability in a neighbourhood. Fix values of the parameters and vary alternately all of them, in order to investigate the stability of each singular point. This will not only identify the stability region of the obtained estimate, but also evaluate the transformation of phase trajectories, in particular, describe the regions of attraction of stable regimes. In order to calculate the stationary points, we use the following author's numerical-symbol method. From the system of three nonlinear algebraic equations, we obtain a fth degree polynomial and numerically search the polynomial roots by the companion matrix method. As a result, for a particular set of parameters, we can nd all its specic points and obtain their dependence on the parameters (Fig. 6 and Fig. 7) . Next, it is easy to calculate a spectrum of the eigenvalues of the linearized system in the neighborhood of each singular point and to say about the nature of the stability. In the simplest case, it is enough to estimate, whether a stationary point is stable or unstable. That is, whether the real part of each eigenvalue is not more than zero. To this end, we can use, for example, the Routh Hurwitz criterion. However, this will not allow to separate the singular points into fully stable (saddle and focus), "semi-stable" (saddle, saddle-focus) and fully unstable. As a consequence, this will not allow to say about the global dynamics of all possible phase trajectories. Therefore, we will consider the values of the eigenvalues of all singular points, comparing them with each other and dening stable and unstable manifolds. Fig. 6 shows the dependence graphs for one of the coordinates of the singular point of the system (5) with the variation of each of its parameters. In addition, the diagram schematically shows the stability type and mark a range of parameters corresponding to the existence of a fully stable singular point (stable focus).
On the basis of the stationary state diagram, the dependences of stable stationary states (stationary populations of each group of regions) are constructed with a change in the system parameters (Fig. 7) .
It turned out that the point estimate of the parameters is almost everywhere near the stability boundary and allows the growth of migration parameters to their maximum values. This variation, in particular, allows a change in the sign of the coecient s ij , which indicates the possibility of a change in the direction of migration without a drastic change in the type of dynamics. Also, it is easy to see that the change in parameters causes a change in the steady stable state. It is manifested in the fact that the population of some groups of regions increases, while the population of others groups falls. Moreover, this change is not always monotonous. For example, the attractive growth of the 1st region for the 3rd one (s 13 ) leads to a strong growth of the stationary population in the 1st and 2nd regions and a rather strange nonmonotonic behavior of the population in the 3rd. In the beginning, the outow of population from the 3rd region will increase the population in the 1st, and the population of the 1st (while the values of other migration parameters are preserve) will actively begin increase the population of the 2nd region (due to crowding out the population), which will increase the population of the 3rd. As a result, the population of all regions will grow. This is due to the fact that these territories have dierent own growth rates, and according to the ideology of the model, the population growth is directly proportional to the number and is dierent for the territories. That is, the people coming from the 3rd region will become indistinguishable from the local people and will participate in reproduction with the parameters of the 1st and 2nd territories. Next, the outow of the population from the 3rd region is no longer compensated by the inow from the 2nd, because the outow in the 1st considerably exceeds the inow from the 2nd, and the growth of the stationary population stops, and then the growth falls to low values. Moreover, it remains so even with a change in the direction of migration. A similar dependence is observed for the other two migration parameters.
Conclusion
As a result of the modelling, the principal results were obtained on the basis of the gravitational approach. First, the directions of migration movements (migration balance), Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2017. Ò. 10, 3. Ñ. 8093 Fig. 7 . Dependence of stable stationary states (stationary population of each group of regions) with a change in the parameters of the system (5). Vertical dotted line is a point estimation of the parameters aecting the demographic dynamics in the considered regions, do not correspond to the statistical data of migrants' records. According to statistics, the population in Russia is stable and gradually moves from east to west. The obtained calculations do not contradict such tendencies and show the signicance of "repulsion" of the Central and North-Western federal districts mainly in the nearby territories of the country (Southern, North-Caucasian and Volga federal districts). Secondly, estimates of the migration balance aecting the recorded population exceed statistical ones by dozens of times. In addition, according to the concept of a dynamic gravitational model, the connections between territories are nonlinear. Therefore, the migration factors and the general picture of population redistribution in Russia can go out of the frame of linear econometric models. In this connection, there is a signicant question: What are the real migration processes, and how can population movements be correctly estimate?
As it is known, in our country, a corresponding migration policy is conducted. The policy is especially relevant for sparsely populated territories of the Far East and Siberia [13] . Incorrect estimates of the mechanical movement of the population can nullify all attempts both to inuence the migration and to improve the demographic situation in certain regions of the Russian Federation. Perhaps in order to evaluate the real situation, it is necessary deeply study migration motives in the context of network information interactions by sociologic methods, as well as to apply direct and indirect indicators (for example, transport displacements).
